Abstract. We study the general geometrical structure of the coadjoint orbits of a semidirect product formed by a Lie group and a representation of this group on a vector space. The use of symplectic induction methods gives new insight into the structure of these orbits. In fact, each coadjoint orbit of such a group is obtained by symplectic induction on some coadjoint orbit of a "smaller" Lie group. We study also a special class of polarizations related to a semidirect product and the validity of Pukanszky's condition for these polarizations. Some examples of physical interest are discussed using the previous methods.
Introduction
Polarized coadjoint orbits of a Lie group G, are good candidates for geometrically quantized phase spaces. They also play a central rôle in representation theory, more specifically in the context of Kirillov's "orbit method". In the case of exponential groups, Pukanszky showed [10] that the orbit method leads to irreducible unitary representations of G, if and only if the polarization satisfies a certain condition, known as Pukanszky's condition (see Lemma 6.2 (1) with = e).
This method has been adapted to the case of complex polarizations, especially for solvable Lie groups: Auslander and Kostant [7] , showed that Pukanszky's condition was needed in order to guarantee the irreducibility of the representations obtained via holomorphic induction from the real polarizing subgroup D ⊂ G (see below).
In its initial formulation, Pukanszky's condition means that the coadjoint orbit in question contains an affine plane, constructed out by the polarization. Only recently [2] [3] , has it been realized that validity of Pukanszky's condition is equivalent to the fact that the corresponding coadjoint orbit is symplectomorphic to a modified cotangent bundle, obtained by symplectic induction from a point. The physical consequences of this symplectomorphism have been studied in the previous references for the coadjoint orbits of the Poincaré group, which is a semidirect product.
Our aim is to give, on the one hand, a detailed analysis of the geometrical structure of the semidirect product coadjoint orbits, for the case where this product is formed by a Lie group K and a representation ρ: K → GL(V ) on a vector space V , [11] . On the other hand, we consider this very interesting geometrical structure in the framework of Pukanszky's condition. Summarizing the results of this article, we mention the following three points:
• the coadjoint orbits of a semidirect product present several analogies with the cotangent bundles and under certain conditions they are in reality cotangent bundles of K-orbits in the dual V * of the vector space V ;
• the validity of Pukanszky's condition for a special class of polarizations of the semidirect product G = K × ρ V is equivalent to the validity of the same condition for "smaller" polarizations associated to the homogeneous part K; • the coadjoint orbits of the semidirect product G = K × ρ V are obtained by symplectic induction on coadjoint orbits of appropriate subgroups of the homogenous part K.
In what concerns the third point, a variant of the symplectic induction we are using here, gave recently the same result, [8] ; see also [17] for a more general treatment in the context of symplectic Mackey's theory. We discuss finally three examples of semidirect product and we apply the previous formalism in the geometrical study of their coadjoint orbits. The semidirect products in question are the special Euclidean, the Galilei and the Bargmann group, three Lie groups whose coadjoint orbits are respectively related to geometrical optics, polarization of light and to the dynamics of non-relativistic particles. and the adjoint and coadjoint representations of G on g and g * respectively, by the following relations:
Ad(κ, v)(A, a) = Ad(κ)A, κ · a − ρ´ Ad(κ)A v , ∀(κ, v) ∈ G, (A, a) ∈ g, (2.4)
where p ⊙ v is the element of * defined by
For p ∈ V * we denote by K p the isotropy subgroup of p formed by those κ ∈ K such that κ · p = p. It is clear that the Lie algebra of K p is given by the vector space p = {A ∈ | A · p = 0}. Then, if we define the linear map τ p : → V * by
we have the equality p = kerτ p .
We express now the element p ⊙ v ∈ * in terms of the map τ p . The dual τ * p : V → * of τ p is given by the relation τ * p (v)(A) = τ p (A)(v) = −(A · p)(v), and so τ * p (v) = p ⊙ v, ∀p ∈ V * , ∀v ∈ V .
Let now
• p be the annihilator of p ; then, if i * p : * → * p is the projection, i p : p ֒→ , we have
The following is a useful lemma from [11] , giving a characterization of the annihilator • p in terms of the linear map τ p .
Lemma.
• p = imτ * p . Proof. We give here a different and simple proof using Lagrange multipliers. Indeed, we have p = τ Consequently, the following choice to represent the points of Y (K p -orbits in K × Y p ) is appropriate: K p · (κ, φ) = κ · φ ∈ Y κ·p . We can now define the projection π:
It is easy to verify that this construction is independent of the point p ∈ Z. Then, the following proposition [11] clarifies the role of the bundles of little-group orbits; see also section 10 below.
Proposition.
There is a bijection between the set of bundles of littlegroup orbits and the set of coadjoint orbits of G on g * .
Consider now the coadjoint orbit O G ν of ν = (f, p) in g * and the corresponding fibre bundle of little-group orbits Y . This orbit is fibred over the K-orbit Z of the point p ∈ V * and the fibre is of the form (O
, is the orbit of the point q ∈ V * under the action of the linear subgroup V ⊂ G. We have thus proved the lemma, [11] : 
We study finally the isotropy subgroup G ν of the point ν = (f, p) ∈ g * with respect to the coadjoint action. Let φ = i * p f and (K p ) φ be the isotropy subgroup of φ ∈ * p with respect to the coadjoint action of
On the other hand, ker τ * p is a vector subgroup of G ν as the inclusion map i: ker τ * p → G ν given by i(v) = (e, v) indicates. We conclude that kerj = kerτ * p and we have the following exact sequence 
Then, using the techniques of the Proposition 4.4, one easily proves:
* , possesses an isotropic foliation whose leafs are the affine Proposition 4.4) . In the case where
In view of Lemma 3.2, the following is immediate: 
and σ is simply the projection G → G/G ν ; [v] 
, let also ξ r and η r be the corresponding right invariant vector fields on G. Then, easy calculation shows that 
Coadjoint orbits, modified cotangent bundles and coisotropic embeddings
A cotangent bundle T * M equipped with the 2-form ω M = ω M + τ * α 0 , where
non-degenerate, as one readily verifies, so T ♯ M is also a symplectic manifold.
This notion is closely related to physical problems. As most important, we mention the phase space of a charged particle in general relativity, in the presence of an external electromagnetic field, e.g. [12] , [13] and the problem of localization of relativistic particles of mass zero, [3] . In this section we will see that it is also useful in the geometry of the coadjoint orbits of a semidirect product.
Consider an element ν = (f, p) ∈ * ⊕ V * with K p ⊂ K f . Then we know that the orbit Z forms a fibre bundle over Q with typical fibre
is a presymplectic structure on Z.
Proposition. If the element
there exists a global section s:
is not canonical.
Clearly, we have Π˚s = id, so s is a section. Its tangent at q = κ · p is given κ·p . This means that there exist two well defined mappings
Explicitly, if µ is the element of g * given by relation (2.5), then I 1 (µ) = κ · f and
* is a monomorphism. But I 1 satisfies also I 1 = pr˚τ˚I 2 which gives 
More precisely: Proof. The section s is a diffeomorphism between Z and L and therefore defines a pre-symplectomorphism s:
⊥ is isomorphic to the kernel of α 0 over Z. But if we reduce Z by kerα 0 we obtain the coadjoint orbit K/K f . Thus, reduction of O G ν by L gives the symplectic manifold Q. For the case we are studying, one easily finds
Thus, we conclude that the dual E * of the characteristic distribution E, is a vector bundle over Z with typical fibre ( f / p ) * . Consider now a point x ∈ E; let q = κ · p be its projection on Z and h = κ · f = pr(q). Then, by construction of E * , the tangent space
clear that there exists a symplectic structure ω E * on E * given by (ω E * ) x (ξ 1 +
Let now s 0 : Z → E * be the zero section and = s 0 (Z).
Then each tangent vector v ∈ T x admits the decomposition v = η +γ +0, η ∈ T h Q, γ ∈ ( h / q ). Consequently, the orthogonal complement of this tangent space will be given by (
the proof of the theorem.
We make some comments on the somewhat peculiar condition K p ⊂ K f . In this way stated, this condition depends on a point (f, p) of the coadjoint orbit, but as one easily verifies, it implies that
for an arbitrary point (h, q) ∈ O G ν . Now, condition (5.1) is equivalent to saying that all the little-group orbits are trivial because i * 
. This is evident by direct calculation using the fact that kerτ * q is K q -invariant, which induces a representation
, then we can find an element (f, p) of the same orbit with the property K p ⊂ K f . In fact, in this case we have always q ⊙ v(κ) = q ⊙ (κ·v 0 −v 0 ) for a fixed element v 0 ∈ V . Choosing thus p = q and f = h−q ⊙ v 0 , we have the desired result.
Pukanszky's condition and the semidirect product
Let us first state some definitions and results [3] about polarizations and Pukanszky's condition that will be used in the sequel.
Let G be a Lie group, g its Lie algebra and ν an element of g * . Given a subspace a ⊂ g which contains the Lie algebra g ν of the isotropy subgroup G ν with respect to the coadjoint action, we define the symplectic orthogonal a ⊥ by
If we note by g C the complexification of g and by g C ∋ µ →μ ∈ g C the complex conjugation, we may extend this notion immediately for subspaces of g C which contain g C ν .
We say now that the complex Lie subalgebra h of g C is a polarization with respect to
and h +h is a Lie subalgebra of g C . Each algebraic polarization h corresponds to a G-invariant geometric polarization F, the correspondence being given by
C . The condition on the symplectic orthogonal h ⊥ can be restated as follows:
To each polarization h we can associate two real Lie subalgebras ⊂ e of g defined by = h ∩ g and e = ( h +h ) ∩ g.
We denote also by D 0 ⊂ E 0 the connected Lie subgroups of G whose Lie algebras are and e respectively. The conditions on the polarization h ensure that the subsets
6.1 Lemma, [7] . Pukanszky's condition now, is a supplementary condition on the polarization h. The following lemma gives three equivalent variants of this condition. (Pukanszky's condition) , [3] . The following conditions are equivalent: (1) 
Lemma
Consider now the case where the Lie group G is a semidirect product, G = K × ρ V (notation of section 2). Then, its Lie algebra is g = ⊕ ρ V and the corresponding complexified Lie algebra g C = C ⊕ ρ V C . We are interested in polarizations of g C (with respect to ν ∈ g * ) which are of the form h = a ⊕ ρ V C , a ⊂ C . Although this type of polarization seems to be very special, it leads to quite interesting results as we shall see in the sequel.
We examine first the restrictions imposed to the subspace a by the fact that h is a polarization. We find successively:
Thus, a must be a Lie subalgebra of C . (2) h ⊥ = h. Equivalently, we have the relation (6.2). By direct calculation of the dimensions appearing in (6.2), we obtain:
We have one more restriction coming from the condition ν([ h, h]) = 0. Indeed, using relations (4.2) and (4.3), this condition gives:
But if this is the case, we have a ⊂ C p and since Conversely, suppose that a is a polarization of C p (with respect to φ = i * p f ). In that case, it is easy to reverse the previous reasonings and deduce that h = a ⊕ ρ V C is a polarization (with respect to ν) for the Lie algebra g C (see also [11] ). 
Next, we show that an analogous phenomenon occurs with respect to the validity of Pukanszky's condition. More precisely, the validity of Pukanszky's condition for polarizations of a semidirect product G = K × ρ V described in Proposition 6.3, reduces to validity of the same condition for polarizations of the isotropy Lie subalgebra p .
Suppose that the polarization h = a ⊕ ρ V C of g C satisfies Pukanszky's condition. For the case of the semidirect product we are interested in, the (real) subalgebras and e (see equation (6. 3)) will be:
The connected Lie subgroup D 0 whose Lie algebra is equal to , is a semidirect product D 0 = P 0 × ρ V , where P 0 is the closed, connected and simply connected subgroup of K p whose Lie algebra is p. The validity of Pukanszky's condition for the polarization h implies the relation
and let ν = (f, p) as previously:
As a result, the condition D 0 · ν = ν + e • (Pukanszky's condition) implies
• which is exactly Pukanszky's condition for the polarization a of
• is the annihilator of q in p . Finally, the previous analysis shows easily that the converse is also true, that is if the polarization a of C p satisfies Pukanszky's condition, then the same is true for the polarization h = a ⊕ ρ V C of g C . We have thus proved: 
2). In other words, h is an extension of a by a vector subspace of V C , the kernel of h → a. Considering now Lie subalgebras h which are extensions of Lie subalgebras of
C by V C ,
7) one easily verifies that Proposition 6.3 and Theorem 6.4 remain still valid if we
replace simply h = a ⊕ ρ V C by the exact sequence (6.7). Finally, we note that the corresponding geometric polarization belongs to the category of polarizations studied in [11] .
As an illustration, we then construct explicitly, for an arbitrary semidirect product, a polarization "trivial" in some sense, which satisfies Pukanszky's condition (making of course appropriate choices). Thanks to Proposition 6.3 and Theorem 6.4, it is sufficient to construct a polarization a of p satisfying the same condition.
Clearly, a is a real subalgebra of C p , invariant under the adjoint action of the isotropy subgroup (K p ) φ which in this case, is the union of connected components of We deduce that a = C p is a (real) polarization of p . Next, for each λ ∈ P 0 = (K p ) 0 we find:
Corollary. For each semidirect product
, admits a real polarization satisfying Pukanszky's condition.
Symplectic induction
We recall here the method of symplectic induction [5] which will be very important to a deeper geometrical investigation of the coadjoint orbits of semidirect products. More on this method can be found in [3] . Notice that the induction of Hamiltonian actions appears independently in [16] .
Let (M, ω) be a symplectic manifold and H a closed Lie subgroup of a Lie group G. Suppose we have a (left) Hamiltonian action Φ: H × M → M which admits an equivariant momentum map J M : M → h * , where h is the Lie algebra of H. The aim of the symplectic induction method is to construct a symplectic manifold, denoted as M ind , on which the group G acts in a Hamiltonian way with equivariant momentum map J ind : M ind → g * , where g is the Lie algebra of G.
In order to construct the Hamiltonian space (M ind , ω ind , G, J ind ), we proceed as follows. Using the natural isomorphism T * G ∼ = G × g * (obtained by identifying g * with the left-invariant 1-forms on G), we obtain a left actionΦ of H onM = M × T * G given by:
This action is symplectic for the symplectic structureω = π * The element 0 ∈ h * is a regular value for the momentum map JM and so the quotient M ind = J −1 M (0)/H will be a symplectic manifold (Marsden-Weinstein reduction). We call M ind induced symplectic manifold and we denote it by Ind G H M ; ω ind will denote the symplectic structure of M ind .
In order to obtain a Hamiltonian action of G on M ind we let the group G act trivially on M ; we consider also the canonical lift to T * G of the left multiplication on G. Then we have a Hamiltonian action of G onM with equivariant momentum mapJ:M → g * given byJ
This action commutes with the action of H onM and leaves invariant the momentum map JM , so a symplectic action of G is induced on M ind . Since the momentum mapJ is H-invariant, it descends as an equivariant momentum map
7.1 Proposition, [3] . The induced symplectic manifold M ind = Ind Moreover, the restriction of ω ind to a fibre yields the original symplectic structure
Let us note here that the symplectic induction procedure can be carried out without using the trivialization of T * G, see [8] .
If we perform now the symplectic induction for M = point, then the induced symplectic manifold is isomorphic as a manifold to T * (G/H); we can extend the isomorphism to the symplectic category if we modify the natural symplectic structure dθ G/H of T * (G/H) by a "magnetic" term, that is by the pull-back of an appropriate closed 2-form β 0 ∈ Ω 2 (G/H), [3] . Thus, the symplectic induction over a point leads to the modified cotangent bundle (T * (G/H), dθ G/H + τ * β 0 ), where τ : T * (G/H) → G/H is the cotangent projection.
The structure of coadjoint orbits
We will use now the results of [3] on the structure of the coadjoint orbits endowed with a polarization satisfying Pukanszky's condition in order to analyze further the structure of the semidirect product coadjoint orbits.
Let us recall first the principal results of this article. If G is a Lie group, ν ∈ g * an element of the dual of its Lie algebra and h a polarization with respect to ν, we have two real Lie subalgebras and e of g canonically associated to h (see relations (6.3) 
with the following properties: Consider now the case where the Lie group G is a semidirect product, G = K × ρ V and let h be a polarization of g * with respect to ν = (f, p) ∈ g * . We are always interested in polarizations of the form h = a ⊕ ρ V C satisfying Pukanszky's condition. By Proposition 6.3, a is a polarization of C p with respect to φ = i * p f . Furthermore, Pukanszky's condition is equivalently satisfied by a. Applying Proposition 8.1, the following result is immediate:
Corollary. A necessary and sufficient condition for the symplectic subbundle
We determine now an equivalence class in the quotient
given that e
and [(g, ν + w)] be its equivalence class. We know that F is an affine bundle associated to the principal fibre bundle G → G/D. So, it is sufficient to find the equivalence class [g] . But thanks to the exact sequence
and we may write
induced by the inclusion of the closed subgroup K p in K; we have so a projection T *
φ , respectively, over x (see also Corollary 8.3). Thus, the fibres of F p are obtained from those of F under the projections (T κ i p ) * . Therefore:
Corollary. Validity of Pukanszky's condition for a polarization
h = a ⊕ ρ V C at ν ∈ g * implies that the coadjoint orbit O G ν is symplectomorphic to the quotient F = K × (f + q • ) /P and that the coadjoint orbit O K p φ is obtained by restricting F ∼ = O G ν to the closed subset K p /P ⊂ K/P and
projecting its fibres by the natural projection between the corresponding cotangent bundles.
Clearly, under the conditions of Proposition 8.2, the coadjoint orbit O K p φ has properties analogous to those described in this proposition because, according to Theorem 6.4, Pukanszky's condition on h is equivalent to the same condition on the polarization a.
Connections and symplectic induction by semidirect products
We consider in this section the problem of the arbitrary choice of the connection in the symplectic induction process, pointed out in [3] . This connection plays the role of a Yang-Mills potential in the more general geometrical interaction scheme due to Guillemin-Sternberg [4] [14] and Weinstein [15] . The symplectic induction is a special case of this model and the arbitrariness or not of the connection has been related to the localization of relativistic particles in references [2] and [3] .
We restrict our attention to the case where we have a principal fibre bundle π: G → G/D, formed by a semidirect product G = K × ρ V and a closed subgroup D belonging to the set of extensions of the Lie subgroup P ⊂ K by the vector group V . In this case, the base space G/D is equal to K/P ; we denote this quotient by Σ. The following commutative diagram illustrates this situation. 
to the vertical subspace at g and isomorphic also to
We set for simplicity T e ρ(T κ R −1
In order to prove thatH defines a connection on π: G → Σ, it is sufficient to check ifH is invariant under the right action of D on G. Taking h = (λ, u) ∈ D, we find: T R h (X) = ( X, w), where X = T R λ (X) and w = T κ ρ(X)u + R κ −1 X · v. But easy calculation shows that w = R (κλ) −1 X · (κ · u + v); consequently, T R h (X) ∈H gh , which proves that H is indeed a connection.
In order to calculate now the corresponding connection form γ, we use the decomposition (Z, w) = (X + B(κ), R κ −1 X · v + κ · b) of an arbitrary tangent vector at (κ, v) into horizontal and vertical parts, (B, b) ∈ , X ∈ kerα κ . Then γ must satisfy γ(Z, w) = (B, b) and if we decompose γ as γ = (γ 1 , ∆), then γ 1 = π * 1 α and ∆ ∈ Ω 1 (G) ⊗ V is given by:
We have thus proved: We examine now a special case where the choice of the connection γ is guided by supplementary geometrical structures (so we have a canonical connection). The following proposition explains then a result of [2] concerning the localization procedure of relativistic particles with non-zero mass. This is precisely the case of massive Poincaré coadjoint orbits (the hyperboloid m = const. > 0 is a symmetric space unlike the massless case where the light cone is not). Proof. The only thing we have to prove is that the modified symplectic structure of the cotangent bundle T ♯ (G/D) is canonical or, equivalently, that the connection form α is canonical. Since K p /P and Z = K/K p are symmetric spaces, there exist involutive automorphisms I p : K p → K p and I: K → K defining the canonical symmetric space decompositions p = p ⊕ m and = p ⊕ n, where m and n are the subspaces of p and respectively corresponding to the eigenvalue −1 of T e I p and T e I.
Using the known property Ad(P )m ⊂ m and Ad(K p )n ⊂ n of these subspaces, we obtain a canonical decomposition = p ⊕ n = p ⊕ (m ⊕ n) with the same property: Ad(P )(m ⊕ n) ⊂ m ⊕ n. By the invariant connection theory [6] , there exists on the principal fibre bundle π p : K → Σ a canonical K-invariant connection because we have a subspace m ⊕ n ⊂ invariant under the adjoint action of P and such that = p ⊕ (m ⊕ n). Then, Proposition 9.1 and Remark 9.2 finish the proof.
Consider finally the special case K p ⊂ K f (⇒ Y = Z). Then, Propositions 8.1 and 9.1 can be used in order to consider the result of Proposition 5.1 from another point of view. Indeed, in that case we have [
We can thus apply Corollary 6.6 and conclude that h =
is a real polarization of g C , satisfying Pukanszky's condition. Now, P = K p and Σ = Z. But for the case of real polarizations, the content of Proposition 8.1 is essentially that the coadjoint orbit in question is isomorphic to a modified cotangent bundle (T * Σ, dθ Σ + τ * β 0 ) (see Remark 3.10 of [3] ). Now, according to Proposition 9.1 and Remark 9.2, the choice of a connection α ∈ Ω 1 (K) ⊗ p on K → K/P determines this 2-form completely. The connection α in turn, is determined if we fix a subspace n ⊂ such that p ⊕ n = and Ad(K p )n = n. Then, α is the p -component of the Maurer-Cartan form on K. It must be emphasized here that, the 2-form α 0 ∈ Ω 2 (Z) appearing in Proposition 5.1 and giving the modification term of the symplectic structure of T * Z, depends on the point (f, p) of the coadjoint orbit for which K p ⊂ K f . On the other hand, we have just seen that the 2-form β 0 ∈ Ω 2 (Σ) depends on the choice of a connection on the principal bundle G → G/D. Thus, the differential forms α 0 and β 0 are not canonical and in general α 0 = β 0 . But in any case, Proposition 8.1 tells us that the symplectic structures ω Z + τ * α 0 and ω Σ + τ * β 0 are equivalent, that is, there exists a bijection T * Z → T * Σ which is a symplectomorphism with respect to these structures.
Symplectic induction and semidirect product
We have seen previously (Proposition 8.1) that the validity of Pukanszky's condition for a polarization of the coadjoint orbit O G ν is equivalent to the fact that this orbit is symplectomorphic to a subbundle of a modified cotangent bundle, obtained by symplectic induction from a point. In this section we will discuss a more general property of the coadjoint orbits of a semidirect product. See [8] for an equivalent approach.
We state now the principal result of this section.
Using the conventions of section 7, one readily verifies that the zero level set of the momentum map
, the orbits Z and Q are 2-spheres S 2 and O K p φ = {φ}. We can furthermore apply Propositions 4.4 and 5.1 which show that the coadjoint orbit of ν coincides as a manifold to T * S 2 , but its symplectic structure is modified by a "spin term" which, in this case, is s-times the canonical symplectic structure of S 2 (its volume element).
Taking into account the discussion after Proposition 9.3, we can reconsider this result in the context of algebraic polarizations: since [f ] ∈ H 1 ( p , R) ( p = so (2) is an abelian Lie algebra), Corollary 6.6 can be applied; therefore, the subspace a = so(2) C is a real polarization of C p = so(2) C satisfying Pukanszky's condition, so h = so(2)
C is a real polarization of g C (with respect to ν) satisfying also the same condition (see also Proposition 6.3 and Theorem 6.4). Then, Proposition 8.1 gives the same result on the structure of O For this polarization, the groups D and E coincide with G p = SO(2) ⋉ R 3 .
Furthermore, there exists a canonical connection on the principal bundle G → G p because the spaces K p /P = point and K/K p = S 2 are symmetric spaces (see Proposition 9.3).
• The Galilei group of R 3 ⊕ R. Take now as group K the Lie group SE ( and consequently one can consider the semidirect product G = K ⋉ V . We recognize G as the Galilei group in dimension 3+1, see [13] . Using the isomorphism g ∼ = g * ∼ = (R 3 ⊕ R 3 ) ⊕ (R 3 ⊕ R), we may represent the elements f ∈ * and p ∈ V * as f = (l, g), l, g ∈ R 3 and p = (p, E), p ∈ R 3 , E ∈ R. Under these identifications, if we set κ = (R, b) ∈ SE(3) and x = r t ∈ R 3 × R, one readily finds:
p ⊙ x = (p × r, pt) and κ · p = (Rp, E − Rp, b ).
(11.1) However, we can further investigate the structure of this orbit as follows. Observe first that the subspace a = (0 ⊕ R 2 ) C ⊂ C p is a real polarization with respect to φ. In fact, ( p ) C φ ⊂ a, a is invariant under the adjoint action of (K p ) φ (see relation (2.4)), dim C a = 
is a real polarization of g C (with respect to ν) satisfying also Pukanszky's condition. Then Proposition 8.2, applied for a real polarization, tells us that the coadjoint orbit O The semidirect product G = SE(3) × ρ R 5 is called Bargmann group and it is a non-trivial extension of the Galilei group, previously studied, by R, see [1] . If we write an element p ∈ R 5 as p = (p, E, m) and κ = (R, b) ∈ K = SE(3), we find 
we obtain two (isomorphic) complex subalgebras of C p such that complex conjugation on the one yields the other. This means that a ± are (isomorphic) complex polarizations of C p with respect to φ = su. The real Lie subalgebras and e of p are easily found to be = ( p ) φ = so(2) and e = p = so(3). It is then evident that D · φ = φ and so a ± satisfy Pukanszky's condition because e • = 0. As a result, the subalgebras
C of g C are complex polarizations satisfying Pukanszky's condition. Therefore, by Proposition 8.2 we conclude that the coadjoint orbit O G ν is a fibre bundle over T * (G/E) = T * R 3 with typical fibre E/D = S 2 .
